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Abstract
A new transformation u = 4(lnf)x that can formulate a quintic linear equation and a pair of
Hirota’s bilinear equations for the (2+1)-dimensional Sawada-Kotera (2DSK) equation is reported
firstly, which enables one to obtain a new hierarchy of multiple soliton solutions of the 2DSK
equation. It tells a crucial fact that a nonlinear partial differential equation could possess two
hierarchies of multiple soliton solutions and the 2DSK equation is the first and only one found in
this paper. The quintic linear equation is solved by a pair of Hirota’s bilinear equations, of which
one is the (2+1)-dimensional bilinear SK equation obtained by u = 2(lnf)x, and the other is the
bilinear KdV equation. The (1+1)-dimensional SK equation does not possess this property. As
another example, a (3+1)-dimensional nonlinear partial differential equation possessing a pair of
Hirota’s bilinear equations, however only bearing one hierarchy of multiple soliton solutions is
studied.
Keywords: Multiple soliton solutions; Dependent variable transformation; Quintic linear
equation; Hiorta’s bilinear equation; (2+1)-dimensional Sawada-Kotera equation.
1. Introduction
Solitons of nonlinear partial differential equations play important roles in both fundamental
theory and applications of nonlinear science. As shown in [1], the soliton and solitary wave
solutions that reflect a common nonlinear phenomenon in nature provide physical information and
more insights into the physical and mathematical aspects of the problem thus leading to further
applications. In the last two decades, more and more researchers have taken their attentions
to the study of solitary wave and soliton solutions of completely integrable nonlinear evolution
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equations. Up to now, we know that an integrable nonlinear partial differential equation (PDE)
usually possesses one hierarchy of multiple soliton solutions, however we find that the 2DSK
equation possesses two hierarchies of multiple soliton solutions. This very special property is
novel and first proposed in this paper.
The 2DSK equation
vt + v5x + 15vxvxx + 15vv3x + 45v
2vx + 5vxxy + 15vvy + 15vx
∫
vydx− 5
∫
vyydx = 0, (1)
where v = v(x, y, t), was first proposed by Konopelchenko and Dubrovsky [2], and has been re-
garded as a (2+1)-dimensional integrable generalization of the (1+1)-dimensional Sawada-Kotera
equation [3]. Now it is known also as a member of the so-called CKP hierarchy [4]. The 2DSK
hierarchy with almost the same form and only having different coefficients of several terms of
Eq. (1) are studied extensively, such that abundant results have been reported in the Refs.
[5, 6, 4, 7, 8, 9, 10, 11, 12] and therein. Recently, many new important types of solutions such as
lump solutions, molecule soliton solutions and resonant soliton solutions are reported constantly
in Refs. [13, 14, 15, 16, 17].
2. New transformation and a pair of Hirota’s bilinear equations of the 2DSK equation
Eq. (1) reduces to
uxt + u6x + 5u3xy − 5uyy + 15uxxu3x + 15uxu4x + 15uxuxy + 15uxxuy + 45u
2
xuxx = 0, (2)
after introducing a potential variable transformation v = ux, u = u(x, y, t), and uxt =
∂2
∂x∂t
u (x, y, t).
Eq. (2) is the two (space)-dimensional extension of the famous KP equation first reported by
Kadomtsev and Petviashvili [18] . In this paper, we mainly consider the reduced Eq. (2). The
2DSK equation usually can be written in Hirota’s bilinear form by expressing solutions in terms
of a τ -function. If u = 2(lnτ)x then τ(x, y, t) satisfies the Hirota’s bilinear equation
(D6x +DxDt − 5D
3
xDy + 5D
2
y)τ · τ = 0, (3)
where the Hirota’s D-operator is defined in Ref. [19]. In the following, we will show that we
obtain different bilinear expressions of Eq. (2).
In Refs. [20, 21, 22, 23], Hietarinta provided a complete classification for KdV-type, mKdV-
type, sine-Gordon-type and complex bilinear equations passing Hirota’s three-soliton condition.
In Ref. [24], Cheng studied some decompositions including (1+1)-dimensional KdV+5th-order
KdV and Ito+KdV equations. The results presented in this paper have not yet been reported
therein or elsewhere.
Starting with a dependent variable transformation
u = p(lnf)x (4)
2
where f = f(x, y, t) and combining with the assumption
f ≡ f1 = 1 + exp(ξ1), ξ1 = k1x+ l1y + w1t, (5)
instead of using the Hirota’s bilinear method, we get (see Ref. [25] for more details)
p = 2, w1 = −(k
6
1 + 5k
3
1l1 − 5l
2
1)/k1, (6)
p = 4, l1 = −k
3
1 , w1 = 9k
5
1 , (7)
and then a quintic linear equation for Eq. (2) later corresponding to (7). The advantage is that
the direct method could avoid seeking for bilinear form at the beginning of constructing multiple
soliton solutions. We prove that even a nonlinear PDE does not possess the so-called Hirota’s
bilinear form apparently [26, 27, 19], maybe we could obtain a new hierarchy of related soliton
solutions.
In this paper, we adopt the determined dependent variable transformation
u = 4(lnf)x (8)
instead of u = 2(lnf)x to find soliton solutions first of Eq. (2), and then use v → ux, namely,
v = 4(lnf)xx to obtain the multiple soliton solutions of Eq. (1). Substituting Eq. (8) into Eq.
(2) yields the following quintic linear equation
P ≡ f4(f7x + 5f4xy + f2xt − 5fx2y) + f
3 (25f4xf3x + 39f5xf2x − 5f4xfy − f2xft − 7f6xfx
−20f3xyfx + 40f3xfxy + 5fxf2y + 30f2xf2xy + 10fxyfy − 2fxtfx)
+2f2
(
−10f3xfxfy + f
2
xft − 50f
2
3xfx − 135f4xfxf2x − 9f5xf
2
x − 90f2xfxfxy + 75f3xf
2
2x
−5fxf
2
y − 15f
2
2xfy
)
+ 2f(90f2xf
2
xfy + 270f3xf
2
xf2x + 60f
3
xfxy − 225f
3
2xfx + 105f4xf
3
x)
−40(12f3xf
4
x + 9f
2
2xf
3
x − 3f
4
xfy) = 0. (9)
Therefor, if f = f(x, y, t) solves Eq. (9), u = 4(lnf)x solves Eq. (2), and v obtained by computing
once derivative of the obtained solution u with respect to x solves Eq. (1).
Theorem 1 If f = f(x, y, t) solves a couple of bilinear form equations
(D6x +DxDt + 5D
3
xDy − 5D
2
y)f · f = 0, (10)
(D4x +DxDy)f · f = 0, (11)
where Eq. (10) is of the standard Hirota’s bilinear 2DSK equation, and Eq. (11) is of the standard
Hirota’s bilinear KdV equation, then u = 4(lnf)x solves Eq. (2) with f also solved by the quintic
linear equation (9).
Proof From the definition of the Hirota’s bilinear derivative, the quintic linear equation (9)
can be written as the following form
P ≡ 2(∆sk)x/f
2 − 4 [∆skfx − 15∆kdv (fxx + f3x)] /f
3
−60∆kdv
[(
f2x + 5fxxfx
)
/f4 − 4f3x/f
5
]
, (12)
3
where ∆kdv ≡ (D
4
x + DxDy)f · f, ∆sk ≡ (D
6
x + DxDt + 5D
3
xDy − 5D
2
y)f · f. It shows that if
∆sk = 0 and ∆kdv = 0, then P = 0. Obviously, Eq. (10), namely ∆sk, is the standard Hirota’s
bilinear 2DSK equation, and Eq. (11), ∆kdv, is the Hirota’s bilinear KdV equation.
To show that f = f(x, y, t) solving Eqs. (10) and (11) is a solution of Eq. (9), one should
prove the consistency of Eqs. (10) and (11), say, of which the solution set is not empty. For
simplicity and without loss of generality, setting f = exp(v˜), v˜ = v˜(x, y, t) in Eqs. (10), (11) and
solving v˜xt, v˜yx respectively yields
v˜xt = 120v˜
3
2x − 5v˜3xy + 5v˜2y − v˜6x, v˜xy = −v˜4x − 6v˜
2
2x. (13)
Next, one should prove v˜xt,xy = v˜xy,xt. Easily, we get
v˜xy,xt = −v˜5xt − 12v˜3xv˜2xt − 12v˜2xv˜3xt,
v˜xt,xy = 720v˜2xv˜2xy v˜3x + 360v˜2xv˜3xy − 5v˜4x2y + 5vx3y − v˜7xy.
(14)
Computing v˜xy,xt − v˜xt,xy and substituting v˜xt and v˜xy with the forms (13) into the obtained
expression, one can obtain v˜xy,xt − v˜xt,xy ≡ 0. 
Theorem 1 shows that the obtained quintic linear equation is solved by the couple of Hirota’s
bilinear equations which usually serves as a role to construct the new hierarchy of soliton solutions.
It is well known that Eq. (10) ensures the N -soliton solutions of the 2DSK equation starting from
u = 2(lnf)x, and Eq. (11) ensures the N -soliton solutions of the KdV equation. Therefore, an
explicit connection between the KdV equation and the 2DSK equation is established.
3. Two hierarchies of multiple solition solutions of the 2DSK equation
To construct multiple soliton solutions of the 2DSK Eq. (2), usually one can start from Eq.
(8) with [19]
f1 = 1 + exp(ξ1), (15)
f2 = 1 + exp(ξ1) + exp(ξ2) + h1,2exp(ξ1 + ξ2), (16)
f3 = 1 + exp(ξ1) + exp(ξ2) + exp(ξ3)
+h1,2exp(ξ1 + ξ2) + h1,3exp(ξ1 + ξ3) + h2,3exp(ξ2 + ξ3)
+h1,2h1,3h2,3exp(ξ1 + ξ2 + ξ3), (17)
. . . . . . ,
fn =
∑
µ∈0,1
exp
(
n∑
i=1
µiξi +
∑
µiµjHij
)
, (18)
where ξi = ξi(x, y, t) = kix+ liy + wit, (i = 1, . . . , n), and ki, li, wi are arbitrary constants for all
i. It is actually a simplified direct Hirota method.
Usually, researchers proceed with the studies such as constructing multiple soliton solutions
by taking p = 2 in Eq. (4). The transformation u = 2(lnf)x enables one to obtain a Hirota’s
4
bilinear form, and then soliton solutions. It is deemed that one could not obtain high-order
multiple soliton solutions if u = 4(lnf)x does not make the 2DSK to transform into a Hirota’s
bilinear form directly. It is crucial that we do obtain a new hierarchy of multiple soliton solutions
of the 2DSK equation, which have not been given in previous references. The 2DSK equation (2)
is the first and only one that bearing two hierarchies of multiple soliton solutions.
For completeness, two one-soliton solutions of Eq. (2) are listed bellow
u1 = 4(lnf1)x with f1 = 1 + exp(k1x− k
3
1y + 9k
5
1t),
u˜1 = 2(lnf˜1)x with f˜1 = 1 + exp
(
k1x+ l1y +
5l2
1
−k6
1
+5k3
1
l1
k1
t
)
,
(19)
where k1 6= 0, l1 6= 0 are free parameters. They can be written as the following forms [28].
u1 = 4ln
(
cosh(k12 x−
k3
1
2 y +
9k5
1
2 t)
)
x
,
u˜1 = 2ln
(
cosh(p1+q12 x−
p3
1
+q3
1
2 y +
9(p5
1
+q5
1
)
2 t)
)
x
,
(20)
where p1, q1 are arbitrary constants.
3.1. Two-soliton solutions of the 2DSK equation
As for two-soliton solutions, starting from u = 4(lnf2new)x of Eq. (2) we obtain a new two-
soliton solution with f2new having the form
f2new = a1,2cosh(
ξ1
2
+
ξ2
2
) + b1,2cosh(
ξ1
2
−
ξ2
2
), ξi = kix+ liy + wit, (21)
and li = −k
3
i , wi = 9k
5
i , (i = 1, 2), a1,2 = k1 − k2, b1,2 = k1 + k2, k1 6= ±k2.
As a comparison, we give the two-soliton solution in terms of cosh function obtained by
u = 2(lnf2old)x with f2old having the same form with that of Eq. (21), whereas
ki = pi + qi, li = −(p
3
i + q
3
i ), wi = 9(p
5
i + q
5
i ), (i = 1, 2),
a1,2 =
√
(q1 − q2)(q1 − p2)(p1 − q2)(p1 − p2),
b1,2 =
√
(q1 + q2)(q1 + p2)(p1 + q2)(p1 + p2),
(22)
where, and from now on, pi, qi, (pi 6= ±pj , qi 6= ±qj, pi 6= ±qj) are constants for all i.
3.2. Three-soliton solutions of the 2DSK equation
Starting from u = 4(lnf)x we obtain a new three-soliton solution with
f3new = K0cosh(
ξ1
2
+
ξ2
2
+
ξ3
2
) +K1cosh(
ξ1
2
−
ξ2
2
−
ξ3
2
) +
K2cosh(
ξ1
2
−
ξ2
2
+
ξ3
2
) +K3cosh(
ξ1
2
+
ξ2
2
−
ξ3
2
), (23)
where ξi = kix− k
3
i y + 9k
5
i t, (i = 1, . . . , 3), and
K0 = a1,2a1,3a2,3, K1 = b1,2b1,3a2,3, K2 = b1,2a1,3b2,3, K3 = a1,2b1,3b2,3,
ai,j = ki − kj , bi,j = ki + kj , ki 6= ±kj, (1 ≤ i < j ≤ 3).
(24)
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For the known three-soliton solution in terms of cosh function, f3old has the same form with
that of Eq. (23), where
ξi = kix+ liy + wit, ki = pi + qi, li = −(p
3
i + q
3
i ), wi = 9(p
5
i + q
5
i ), (i = 1, . . . , 3),
and Ki (i = 0, . . . , 3) is the same with (24), however ai,j , bi,j have the following different forms
a1,2 =
√
(q1 − q2)(q1 − p2)(p1 − q2)(p1 − p2), b1,2 =
√
(q1 + q2)(q1 + p2)(p1 + q2)(p1 + p2),
a1,3 =
√
(q1 − q3)(q1 − p3)(p1 − q3)(p1 − p3), b1,3 =
√
(q1 + q3)(q1 + p3)(p1 + q3)(p1 + p3),
a2,3 =
√
(q3 − q2)(q3 − p2)(p3 − q2)(p3 − p2), b2,3 =
√
(q2 + q3)(p2 + q3)(q2 + p3)(p2 + p3).
3.3. N -soliton solutions of the 2DSK equation
Starting from u = 4(lnfNnew)x we obtain an N -soliton solution with
fNnew =
∑
ν
Kνcosh
(
N∑
i=1
νiξi
2
)
, Kν =
∏
i<j
ai,j , (25)
where ξi = kix−k
3
i y+9k
5
i t, (i = 1, . . . , N), ai,j = ki−νiνjkj , (1 ≤ i < j ≤ N), and the summation
of ν = {ν1, ν2, . . . , νN} are did for all non-dual permutations of νi = 1,−1, (i = 1, . . . , N), (ν ν
′
are dual if ν = −ν′).
The already existing N -soliton solution that we can write it in terms of cosh function, fNold
is the same with that of (25), and ξi = kix + liy + wit, (i = 1, . . . , N), ki = pi + qi, li =
−(p3i + q
3
i ), wi = 9(p
5
i + q
5
i ) with
a2i,j = (qi − νiνjqj)(qi − νiνjpj)(pi − νiνjqj)(pi − νiνjpj),
and the summation of ν = {ν1, ν2, . . . , νN} same as before.
4. Concluding remarks
In short, this paper is devoted to exploring new auxiliary transformation to derive a quintic
linear equations that can be solved by a pair of Hirota’s bilinear forms used for constructing new
hierarchy of multiple soliton solutions of the 2DSK equation. Also, an explicit connection between
the KdV and the 2DSK equations is established. Up to now, the 2DSK is the only nonlinear
PDE reported in this paper that possesses two hierarchies of multiple soliton solutions. The new
transformation has not been given more attention or has been missed by researchers before maybe
because it can not provide Hirota’s bilinear form directly by using the classical Hirota’s bilinear
method. We implement this newly found simple but novel transformation to find new hierarchy
of multiple soliton solutions of the 2DSK equation. The famous 2DSK equation is investigated
successfully, and for further we hope to obtain a category of nonlinear PDEs that also possess
multiple soliton solutions obtained by two or three Hirota’s bilinear equations. Actually, there
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indeed exists such nonlinear partial differential equation. As an example, we consider a (3+1)-
dimensional nonlinear PDE with the form
v2xvyz + 2v2xv3xz + 12v
2
xxvxz + vxyvxt − 120vxyv4xv2x − 4vxyv6x − 240vxyv
3
2x
−10vxyv3xy − 60vxyv2x + 5vxyv2y = 0.
(26)
Likewise, substituting v = ln(f), f = f(x, y, z, t) into the Eq. (17), we obtain the following couple
of bilinear equations
(DyDz + 2D
3
xDz)f · f = 0, (DxDt − 4D
6
x − 10D
3
xDy + 5D
2
y)f · f = 0. (27)
The consistency of them is discussed bellow. From the bilinear equations in (27), we get
−8f6xf + 48f5xfx − 120f4xf2x + 80f3x − 20f3xyf + 60f2xyfx − 60fxyf2x
+20fyf3x + 2fxtf − 2fxft − 2fxft − 10f2yf + 10f
2
y = 0,
4f3xzf − 12f2xzfx + 12fxzf2x − 4f3xfz + 2fyzf − 2fyfz = 0.
(28)
Same as Theorem 1, we can get
v˜xt = 240v˜
3
2x + 10v˜3xy + 120v˜4xv˜2x − 5v˜2y + 4v˜6x, v˜yz = −2v˜3xz − 12v˜2xv˜xz. (29)
It is easy to prove that (v˜xt)yz−(v˜yz)xt = 0 after simple computations, which completes the proof
of the consistency. Thus, three-soliton solution of Eq. (26) by v = ln(f) with f being the same
form given in Eq. (17) is obtained, whereas,
ξi = kix+ piy + qiz + wit, pi = −2k
3
i , wi = −36k
5
i , (i = 1, . . . , 3)
hi,j =
(qi−qj)(ki−kj)
(qi+qj)(ki+kj)
, qi 6= ±qj , ki 6= ±kj , (1 ≤ i < j ≤ 3).
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